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ELECTROMAGNETIC WAVES COLLIDING 
WITH GRAVITATIONAL WAVES 

In the previous chapters we have considered the collision between two 
electromagnetic waves, permitting them also to be coupled to gravita- 
tional waves. In this chapter a situation is considered in which a plane 
gravitational wave approaches and collides with a plane electromagnetic 
wave. In this situation, the field equations are identical to those of previ- 
ous chapters but the initial conditions are different. 

19.1 A simple example 

A particularly simple example is the case when an impulsive gravitational 
wave described by the component ^ 4 = aS(u) collides with a step elec- 
tromagnetic wave described by $ = bO(v). An exact solution describing 
this case has been given by the author (Griffiths 19756). In this case, the 
line elements describing the initial regions are given by 

Region I : ds 2 = 2dudv — dx 2 — dy 2 

Region II : ds 2 = 2dudv - (1 - aufdx 2 - (1 + aufdy 2 (19.1) 
Region III : ds 2 = 2dudv — cos 2 bv(dx 2 + dy 2 ). 

In terms of the metric functions of the Szekeres line element (6.20), the 
solution of the field equations (6.21-22) for the interaction region IV, 
satisfying the required boundary conditions is given by 

— U 2t 2 2 

e = cos bv — a u , 

_ M cos bv^/l — a 2 u 2 

V cos 2 bv — a 2 u 2 ' 

b cos bv 
% = , 
V cos 2 bv — a 2 u 2 

This solution can be seen to have a number of interesting features. 
The incoming gravitational and electromagnetic waves are plane and par- 
allel propagating. That is, they follow non-expanding twist-free and 
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W = 0, 



(19.2) 
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(1 — a 2 u 2 ) Vcos 2 bv — a 2 u 2 
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shear-free null geodesic congruences. When the gravitational wave meets 
the electromagnetic wave it starts to contract. By contrast, the electro- 
magnetic wave both contracts and shears. The contraction of both waves 
becomes unbounded on the space-like hypersurface cos 2 bv = a 2 u 2 which 
can be seen to correspond to a scalar polynomial curvature singularity. 
These properties are as expected according to the discussion in Chapter 5. 

It can be seen from (19.2) that the electromagnetic wave is partially 
reflected on collision with the gravitational wave. This occurs because the 
congruence along which the electromagnetic wave propagates is focused 
astigmatically by the gravitational wave, and is no longer shear-free. Ac- 
cording to the Mariot-Robinson theorem 5.2, null electromagnetic waves 
necessarily propagate along shear-free null geodesies. It follows that the 
electromagnetic field in the interaction region cannot remain null and 
therefore some back scattering must occur. 

This particular feature has also been confirmed by Sbytov (1973), 
who considered the propagation of a test electromagnetic wave through a 
plane gravitational wave. 

Other interesting features of this solution can be seen after first evalu- 
ating the gravitational wave components. Using (6.23), the only non-zero 
components in the interaction region are given by 

v]>o _ r/ \ 3a 3 -usin 2 6i; 

4 ' (1 — a 2 tt 2 ) 2 (cos 2 bv — a 2 u 2 ) (193) 

a 2 bu sin bv cos bv 
= . 

(cos 2 bv — a 2 u 2 ) 2 

From the absence of a $0 component, it can be seen that, unlike the 
electromagnetic wave, the gravitational wave is not partially reflected. 
However, the usual coulomb component ^2 is still generated by the col- 
lision, and the component \&4 develops a tail. 

It follows from the absence of the \l/o an d ^1 terms that the gravita- 
tional field in the interaction region, as represented by the Weyl tensor, 
is of algebraic type II. However, in this situation, the repeated principal 
null congruence of the gravitational field is not aligned with a principal 
null congruence of the electromagnetic field. 

Another simple solution has been given elsewhere (Griffiths 19766). 
This has the same general properties as the above solution, but the initial 
impulsive gravitational wave has been replaced by a step wave with the 
line element (4.21). 

19.2 General initial data 

Consider now the situation of a totally general collision between an ar- 
bitrary gravitational wave and an arbitrary electromagnetic wave. It is 
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convenient to assume that the gravitational wave approaches in region II, 
and the electromagnetic wave in region III. The background in region I is 
assumed to be flat with metric (3.6). 

Region II is now considered to contain a general gravitational wave. 
The appropriate line element is (4.13). This may be compared with 
the Szekeres line element (6.20) with the condition that V = V(u) and 
W = W(u). Also e~ u = {\ — f) where / = f(u) : and it is possible to 
scale the coordinate u such that e~ M = 1 giving 

ds 2 = 2dudv - (| + /) (e v cosh Wdx 2 - 2 sinh Wdxdy + e~ v cosh Wdy 2 ) . 

(19.4) 

This gravitational wave is completely arbitrary and is described in terms 
of three functions f(u), V{u) and W(u) that are constrained only by the 
single equation 

2 f" f 2 

+ W' 2 + V' 2 cosh 2 W = (19.5) 



which is equivalent to (6.22c). From (6.23) it can be seen that the ap- 
proaching gravitational wave is given by the single component 

* 4 (n) = -l(V" coshW + iW") - V'W sinh W + \iV' 2 sinh W cosh W 

r 



2(4+/) 



(V coshW + iW). (19.6) 



In order to satisfy the appropriate boundary conditions across the 
wave front, it is also necessary to assume that 

f=\, V = W = f = V = W = 0, when u = 0. (19.7) 

Region III here may be considered to contain a general plane electro- 
magnetic wave. It is assumed that there is no associated free gravitational 
wave, so that the metric is asymptotically flat. It turns out to be conve- 
nient to take the line element in this region in the form 

ds 2 = 2e~ M dudv - (| + g)(dx 2 + dy 2 ) (19.8) 

where g = g(v) and M = M(y). The electromagnetic wave is described 
by the component $o- The amplitude of this wave is determined by the 
equation (6.226) which becomes 

v , a' 2 VM' (199) 



180 Electromagnetic waves colliding with gravitational waves 



The phase of the wave, however, is completely arbitrary, as is required 
by the fact that a plane electromagnetic wave is only determined by the 
metric up to an arbitrary duality rotation. 

It is, of course, possible to rescale the null coordinate v in order to 
put M = 0. This would leave the electromagnetic wave being described 
by the single function g{u) and an arbitrary phase. In order to ease the 
integration of the field equations in region IV, however, it is preferable 
to retain the additional function, and to regard g(v), $>o(v) and M(v) as 
arbitrary functions that, in region III, are required to satisfy (19.9). 

In order to satisfy the junction conditions across the boundary be- 
tween regions I and III, it is assumed that 

g=\, M = g' = M' = 0, when v = 0. (19.10) 

The initial conditions that have now been set describe the collision 
between a completely general gravitational wave and a completely general 
pure electromagnetic wave. The corresponding general solution describ- 
ing the subsequent interaction has not yet been obtained. However, one 
particular class can easily be obtained and will be described in the next 
section. 

19.3 A general class of solutions 

As frequently described in previous chapters, the line element in the in- 
teraction region may be considered in the Szekeres form (6.20), and the 
field equations are (6.21) and (6.22). 

As in (6.24), it is always possible to integrate (6.22a) to obtain 

e~ u = f(u)+g(v) (19.11) 

where, to satisfy the boundary conditions, f(u) and g(v) necessarily take 
the same form as they have in regions II and III respectively. These 
functions are thus exactly of the form that is specified by the approaching 
waves. 

A general class of solutions (Griffiths 1983) has previously been ob- 
tained in which the metric functions V and W are assumed to be inde- 
pendent of v. In this case 

V = V(u) and W = W{u) (19.12) 

take exactly the same form in the interaction region as they do in region II. 
This class of solutions is thus almost completely determined by the func- 
tions f(u), V(u), W(u) and g(v) that are specified by the approaching 
waves. 
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With the condition (19.12), the field equations (6.22d) and (6.22e) 
imply that 

^o^o g'iV'coshW -iW) 

$o$2 = 4(/ + ^ (19-13) 

With this condition, Maxwell's equations (6.21) then imply that 

(19.14) 



1-^ 



$1 = - V , (y' cosh W + iW) e ia{u) 
2V/ + £ 

where a is now a function of u only, and is required to satisfy the equation 

a' = -\VsmhW. (19.15) 

The electromagnetic field is now determined completely by the given func- 
tions up to an arbitrary constant phase. Finally, the remaining equations 
in (6.22) can be integrated to give 



e-« = - S '^L_ (19 . 16) 



where a is an arbitrary constant. 

The metric functions and the electromagnetic field components in 
the interaction region are now all determined. The components of the 
Weyl tensor can be obtained from (6.23) and, using (19.6), the non-zero 
components can conveniently be written in the form 

^(:v) = ^C,)- 4( ;^j-^ ) ( rcoshW + i W-) (i9i7) 

Two fundamental properties of this solution can immediately be deduced 
from these expressions. 

Firstly, it may be observed that these solutions necessarily contain 
a scalar polynomial curvature singularity in region IV on the space-like 
surface given by / + g = 0. This is common to most colliding plane wave 
solutions. 
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Secondly, it may be observed that the gravitational wave is alge- 
braically special and is of algebraic type II. The congruence on which 
v = const is a repeated principal null congruence of the gravitational field, 
but is not a principal null congruence of the electromagnetic field. 

This class of algebraically special solutions thus contains a non- 
aligned non-null electromagnetic field. Its relation with other non-aligned 
non-null Einstein-Maxwell fields has been investigated elsewhere (Grif- 
fiths 1986), where a more general class of such fields has been obtained. 
This more general class contains two distinct sub-classes, one of which is 
the class obtained here, while the other contains all other known solutions 
of this type. 

Another important property of this class of solutions can be deduced 
from the electromagnetic field components given by (19.14). It can imme- 
diately be seen that the electromagnetic wave has been partially reflected 
by the gravitational wave. This property has already been noted in the 
special case described in Section 19.1. 

It may also be noticed that the expression for M given by (19.16) 
is only continuous across the boundary between regions III and IV if, in 
region III, M is given by 




(19.18) 



where a is a constant. The other boundary conditions (19.10) are then 
only satisfied if g has the form 

0=i-aV + ... (19.19) 
The approaching electromagnetic wave is then given by 

$°(m) = — ~ 9 ,e ia (19.20) 

1\j\-9\j\+9 

where a is a constant. In this coordinate transformation 

v — > v, where 9 = \~ sm2 a ^ (19.21) 

can be used to put M — 0, and it can then be seen that the approaching 
wave is necessarily the step wave given by 



$ (ni) = ae ia Q(v) 



(19.22) 
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where the arbitrary constant phase is of no significance. 

Since M and g are now completely determined with M = 1 in region 
III, it follows that the electromagnetic field component is also completely 
determined. Thus, although this solution includes a completely general 
gravitational wave in region II, the approaching electromagnetic wave can 
only be the step wave given by (19.22). 

Finally, it is of interest to re-express this class of solution in terms 
of the notation of the previous chapters. With the components (19.14), 
equations (16.4) can be integrated to give the potential function H in the 
form 



In view of (19.12) and the definitions (11.2) and (11.3), it is clear that x 
and u) are here functions of u only. However, they may subsequently be 
considered as functions of / only or, using (10.9) (see also the appendix), 
as functions of (ip + A) only: 




(19.23) 



X = X(^ + A), 



to = ui{^ + A). 



(19.24) 



This approach, however, does not lead to simple expressions for $ and 
Z defined respectively by (16.14), (16.13) and (16.19). 



